Approximations are developed for the refractive indices of nonabsorbing layers with equal optical thickness producing an antireflection coating for a dielectric substrate that has a Chebyshev spectral response.
I. Introduction
There are several methods of designing an antireflection (AR) coating for a dielectric substrate of refractive index n by depositing one or more nonabsorbing films on it. For example, one approach' is to use only two materials in a coating but to vary the thicknesses of the layers to achieve a filter in which the radiant transmittance vs wavenumber simulates a Chebyshev function. Another approach 2 3 was developed by the designers of microwave filters in the 1950s. Young 3 explains how optical AR coatings are designed using an algorithm of Riblet. 4 In this method, at a given wavelength X the phase thicknesses A,
of all layers (of refractive index n and metric thickness hi) in the stack are identical and the refractive indices are chosen such that the reflection is reduced over a limited bandwidth. Young 3 shows how the roots of a third-degree polynomial are found to arrive at the indices of a three-layer AR coating. For coatings with larger numbers of layers, numerical methods must be used to find the roots. Levy 5 mentioned that his tables for bandpass design (which may also be used for AR design) were "programmed for the powerful 'Atlas' computer." Although the relentless advance of digital computers and associated software has made the solving for the roots of such polynomials much easier than it was three decades ago when such work was first initiated, there is still a need for explicit equations for the indices. The purpose of this paper is to provide them. Although Pohlack 6 suggested that such equations could be found by solving the RIT polynomial, no explicit equations appear in his pioneering article.
Theory
Following Young, 3 an AR coating containing m layers with a Chebyshev response follows the mathemati-
where Pm is a Chebyshev polynomial of the first kind of order m, Co is related to the fractional bandwidth and C the cosine of A, R T are the radiant reflectance and transmittance of the coating, and R 8 T are the radiant reflectance and transmittance of the uncoated substrate, respectively. The expressions are simplified by the identities
The bandwidth of relatively low reflectance extends from a wavelength X1 to 2 . In this spectral region, RI T is bounded:
Neglecting any dispersion in the coatings or substrate, the center of the spectral region of low reflectance is at a wavenumber So', which is
The phase thickness #0 in Eq. (1) is 90° at this wavenumber. The phase thickness 1 and 2 are equidistant from #o and hence
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i=o where i is even. The a terms are functions of the refractive indices of the layers and appear in both the publications of Kard 7 and elsewhere. 8 9 The foregoing equation is a special case of a more general equation that is simplified by the imposition of symmetry on the indices. For a stack with an even number of layers, this requires that (9) Similar equations exist when m is odd, with an additional requirement for the center layer nj = nno (10) where j = (m + 1)/2. Equations for the indices are found simply by equating the square root of Eq. (2) with Eq. (8).
Ill. Example
The indices for a four-layer coating are found. The first step is to expand Eq. (8) The indices are found from n, n exp(-2u 1 ), n2 n exp(-2u 2 ) -
(15)
Equation (9) provides n 3 and n 4 .
IV. General Solutions
The general form of the solution for the index of the ith layer is to first find ui, .fP
and then compute its index from ni = n, exp(-2ui) 
V. Numerical Example-Chebyshev
A four-layer Chebyshev AR coating is designed with a relatively narrow bandwidth (C 0 = 0.309), medium bandwidth (C 0 = 0.707), and wide bandwidth (C 0 = A comparison of the refractive indices of a four-layer Chebyshev AR coating, as obtained from exact theory (roman) and the approximation (italic) in Eqs. (19) and (20) 
VI. Butterworth Solutions
The constants Ki and K2 in Eq. (19) provide approximate indices for the case when the RIT vs frequency is maximally flat. These are summarized in Table III . The two-layer solution appeared in the 1940s and is included for sake of completeness.
VII. Summary
It has been shown that an approximation developed by Kard 7 three decades ago may be used to find approximate values for the refractive indices of an AR coating whose response is a Chebyshev. It is evident that the results are quite general and could be easily modified if the response were not a Chebyshev but rather any type of polynomial that is free of singularities in the range of interest. As designers of microwave filters 0 have made abundantly clear, any theory of this type that applies to an AR coating may also be used to design bandpass filters. 
